We show that Wall's D(2) problem, the Realization problem and the Relation Gap problem could all be solved if it could be shown that the deficiency of a certain group is, as intuition would suggest, less than −1.
§1 Introduction Let Y be a genuinely d-dimensional finite cell complex (in the sense that it is d-dimensional and not homotopy equivalent to a finite cell complex of lower dimension). For forty years it has been known that when d = 3, the cell complex Y must have non-trivial cohomology in dimension d, with respect to some coefficient bundle [13] (also [11] , [12] for the d = 1 case). However, whether or not this is still true when d = 3 remains an open problem known as Wall's D2 problem. That is we do not if there can exist a finite cell complex Y , which is genuinely 3-dimensional (in the above sense) and satisfies H 3 (Y ; β) = 0 for every coefficient bundle β.
Much work has been done in proving that any such Y could not have certain fundamental groups [7] , [5] , [3] , [9] . In the other direction candidates for such a Y have been constructed [1] , [2] . The difficulty remains in actually proving that these are genuinely 3-dimensional. The candidates are not homotopy equivalent to any known 2-dimensional complexes. However that may just be down to such 2-complexes not having yet been discovered.
Our approach is more similar to [2] in that we are left needing to show that a group cannot be presented with much smaller excess than intuition would suggest (the excess of a presentation is the number of relations minus the number of generators). Also, as in [2] , if this can be shown then we would also have solved the Relation Gap problem (theorem 2.6).
For any set of distinct prime numbers P = {p 1 , · · · , p n }, we construct a finite 3-dimensional cell complex Y P which satisfies the following properties:
It remains to show that Y P is genuinely 3-dimensional. Suppose it were not. Then it would be homotopy equivalent to some finite 2-dimensional cell complex. We may contract a maximal tree in the 1-skeleton of this cell complex to obtain another finite cell complex Z. This has a single 0-cell. Let g denote the number of 1-cells of Z and let r denote the number of 2-cells of Z. By Van Kampen's theorem we have a presentation for π 1 (Y P )(= π 1 (Z)) with r relations and g generators. However Z is homotopy equivalent to Y P by construction, so:
Thus we would have a presentation for π 1 (Y P ) with just one more relator than generator. In the light of a result of Howie ([6] , formerly known as the Scott-Wiegold conjecture: [10] , problem 5.53), we believe this to be unlikely for n ≥ 3, as we discuss in §3. §2 Construction of the candidate Given a set P of distinct prime numbers p 1 , · · · , p n we define G P to be the following free product of groups:
Let F denote a free group with generators x 1 , · · · , x n , y 1 , · · · , y n . We have a natural presentation of G P given by:
where for i = 1, · · · , n the R i , S i , T i ∈ F are given by:
i ] Let X denote the Cayley complex of this presentation. We will construct Y P by attaching 3-cells to X. In order to do this we will specify the elements of π 2 (X) represented by the attaching maps. In particular, the Hurewicz isomorphism gives us a natural identification:
Let C * (X) denote the algebraic chain complex associated toX. We may regard C * (X) as a complex of modules over the integral group ring Z[G P ]. Thus C i (X) has a basis over Z[G P ] given by taking one lift of each i-dimensional cell in X. We follow [8] , §48 in describing C * (X) explicitly.
Let F 0 be the free module over Z[G P ] with basis given by a single element, ⋄. Let F 1 be the free module over Z[G P ] with basis e 1 , · · · , e n , d 1 , · · · , d n . Let ∂ 1 : F 1 → F 0 be the map defined by:
Here the x i , y i are understood to be the elements of G P which they represent. Definition 2.1 Fox free differentiation (See [4] ) We define the operator ∂ : F → F 1 to be the unique map (of sets) satisfying the following:
Here v is again used to denote its image in G P . We note that ∂e = 0 and ∂u
Let F 2 be the free module over
Let A denote the algebraic complex:
We may identify A naturally with C * (X). In particular, we have H 2 (X; Z) ∼ = ker(∂ 2 ).
By construction, F 2 has a basis given by the
We apply a sequence of elementary transformations to this basis to obtain a new basis {E i , A i , A n+i | i = 1, · · · , n} where:
Next we apply another sequence of elementary transformations to obtain the basis:
where A 2n+1 = n j=1 E j . Essentially here we have just replaced the basis element E n with A 2n+1 .
For i = 1, · · · , n let:
From definition 2.1 we have:
Direct calculation gives us:
We state the Chinese remainder theorem in the following way: Lemma 2.3 For i = 1, · · · , n and j = 1, · · · , n we may select integers m i , λ ij such that:
Hence for i = 1, · · · , n we have:
It follows that:
Also, as the M i were constructed as linear combinations of the A i , we may again apply elementary transformations to the basis (2) to obtain a new basis:
Thus we have F 2 = F 3 ⊕ F 4 where F 3 is the linear span of the {L i | i = 1, · · · , n − 1} and F 4 is the linear span of the
Each L i represents an element of H 2 (X; Z) and hence π 2 (X). Thus we may attach a 3-cell B i to X by an attaching map representing this homotopy class in π 2 (X). Let Y P denote the complex resulting from attaching B 1 , · · · , B n−1 to X. By construction each B i lifts to a 3-cell inỸ P whose boundary in C 2 (Ỹ P ) is represented by L i ∈ F 2 . Identifying the basis element of C 3 (Ỹ P ) corresponding to B i with L i ∈ F 3 we get:
The complex Y P satisfies the properties listed in (1) . Proof: Clearly Y P is a finite 3-dimensional cell complex. By construction we have π 1 (Y P ) = π 1 (X) = G P . Again, by construction, Y P consists of n−1 3-cells, 3n 2-cells, 2n 1-cells and a single 0-cell. Thus χ(Y P ) = 1 − 2n + 3n − (n − 1) = 2. Finally, we note that the following inclusion of algebraic complexes is a chain homotopy equivalence:
For any coefficient system β, we have a module B over
Thus from the remarks in the introduction we may conclude that the only way for Y P to not solve the D(2) problem would be if G P had a presentation with just 1 more relator than generator.
Note that the image of ∂ 2 is equal to the image of ∂ ′ 2 and is therefore generated by 2n + 1 elements. The presentation G P is said to possess a relation gap if there is no presentation of G P on the same set of generators with this many relators [2] . Thus the only way for G not to possess a relation gap is if there is a presentation of G P with 2n generators and 2n + 1 relators. Again the excess of this presentation would be 1. It is an open question whether or not a finite presentation can have a relation gap [2] .
Further note that A ′ has Euler characteristic 1 − 2n + (2n + 1) = 2. Thus if it was chain homotopy equivalent to the algebraic complex arising from a finite two dimensional complex, we would again obtain a presentation of G P with excess 1. It is an open question (known as the Realization problem) whether or not every algebraic complex is realized in this way by a Cayley complex [8] . We conclude: Theorem 2.6 Given a set of distinct prime numbers P , either there is a presentation of G P with one more relator than generator or:
i) The complex Y P is a genuinely 3-dimensional finite cell complex with H 3 (Y P ; β) = 0 for all coefficient systems β,
ii) The presentation G P has a relation gap and
iii) The algebraic complex A ′ is not realized (up to chain homotopy equivalence) by any Cayley complex.
Thus showing that for some P , a presentation of G P must have excess greater than one would answer three (closely related) major open questions. These questions expose the fundamental lack of non-homological methods currently at our disposal for these types of problem. §3 Presentations of G P
The presentation G has 2n generators and 3n relations giving it an excess of n. This is by no means minimal.
As before let P = {p 1 , · · · , p n } denote a set of distinct prime numbers. Let C P be the free product of cyclic groups:
and for i = 1, · · · , n let a i denote a generator of C pi .
Further, let w 1 (a 1 , · · · , a n ), · · · , w k (a 1 , · · · , a n ) be elements normally generating C P . Then we have a presentation of G P with excess k:
The following is a presentation of G P :
Proof: It is sufficient to show that in the group with the above presentation, each element T i has order p i . Then by the construction of w 1 , · · · , w k we will have T i = e for each i. Then the relators R i S i −1 , T i S i , will imply that R i = S i = T i −1 = e for i = 1, · · · , n. The presence of the relator T i S i implies that x i −1 y i x i = y i pi+1 . Hence:
pi has order p i . However the relator S i T i tells us that T i is the inverse of y i pi . Hence T i also has order p i .
However, the excess of such a presentation must be greater than 1: Indeed it is conjectured that when n is odd, the minimal value of k is (n+1)/2 ([6], conjecture 3). Certainly, when n is odd, C P may be normally generated by (n + 1)/2 elements. This gives us presentations of G P with excess (n + 1)/2, which is the smallest which we can presently construct. As n gets larger then, it appears increasingly unlikely that there will always be a presentation of G P with excess 1.
However we cannot presently prove that some G P has no presentations with excess 1 because we are unable at to discount the possibility that there is some other way of presenting G P , which does not involve normally generating C P . Therefore what remains to be done is to show that given a presentation of G P with excess 1, it is then possible to construct an element which normally generates C P .
